Introduction and preliminaries
It is well known that Banach's fixed point theorem for contraction mappings is one of the pivotal results in analysis. It has been used in many different fields of mathematics, but suffers from one major drawback i.e. in order to use the contractive condition, a self mapping T must be Lipschitz continuous, with Lipschitz constant L < 1. In particular, T must be continuous at all points of its domain.
Let (X, d) be a metric space. A mapping T : X → X is said to be contraction if there exists 0 < k < 1 such that for all x, y ∈ X , d(Tx, Ty) ≤ kd(x, y).
If the metric space (X, d) is complete, then the mapping satisfying (1.1) has a unique fixed point.
A natural question is that whether we can find contractive conditions which will imply the existence of the fixed point in a complete metric space but will not imply continuity.
Kannan [1, 2] proved the following result, giving an affirmative answer to the above question. where 0 < k < 1 2 and x, y ∈ X , then T has a unique fixed point.
The mappings satisfying (1.2) are called Kannan type mappings. A similar type of contractive condition has been studied by Chatterjee [3] and he proved the following result. where 0 < k < 1 2 and x, y ∈ X , then T has a unique fixed point.
In Theorems 1.1 and 1.2, there is no requirement of continuity of T . Alber and Guerre-Delabriere [4] introduced the concept of weakly contractive mappings and proved the existence of fixed points for single-valued weakly contractive mappings in Hilbert spaces. Thereafter, in 2001, Rhoades [5] proved the fixed point theorem which is one of the generalizations of Banach's Contraction Mapping Principle, because the weakly contractions contains contractions as a special case and he also showed that some results of [4] are true for any Banach space. In fact, weakly contractive mappings are closely related to the mappings of Boyd and Wong [6] and of Reich types [7] . Fixed point problems involving weak contractions and mappings satisfying weak contractive type inequalities have been studied by many authors (see [4, 5, [8] [9] [10] and references cited therein).
A map T : X → X is called a weakly contractive mapping (see [4, 5, 9] 
where ψ : [0, ∞) → [0, ∞) is continuous and nondecreasing, ψ(x) = 0 if and only if x = 0 and lim ψ(x) = ∞.
If we take ψ(x) = kx, 0 < k < 1, then a weakly contractive mapping is called a contraction. A map T : X → X is called a f -weakly contractive mapping (see [10] ) if for each x, y ∈ X ,
where f : X → X is a self-mapping, ψ : [0, ∞) → [0, ∞) is continuous and nondecreasing, ψ(x) = 0 if and only if x = 0 and lim ψ(x) = ∞.
If we take ψ(x) = (1 − k)x, 0 < k < 1, then a f -weakly contractive mapping is called a f -contraction. Further, if f = identity mapping and ψ(x) = (1 − k)x, 0 < k < 1, then a f -weakly contractive mapping is called a contraction.
A map T : X → X is called a generalized weakly contractive mapping (see [9] ) if for each x, y ∈ X ,
, then inequality (1.6) reduces to (1.3). Choudhury [9] shows that generalized weakly contractive mappings are generalizations of contractive mappings given by Chatterjee (1.3) and it constitute a strictly larger class of mappings than Chatterjee's contraction.
A map T : X → X is called a generalized f -weakly contractive mapping (see [8] 
where f : X → X is a self-mapping, ψ : [0, ∞) If f = identity mapping, then a generalized f -weakly contractive mapping is a generalized weakly contractive mapping.
Khan et al. [11] initiated the use of a control function in metric fixed point theory, which they called an altering distance function. If f = identity mapping, then a (µ, ψ)-generalized f -weakly contractive mapping is a (µ, ψ)-generalized weakly contractive mapping. Suppose that M is a subset of a normed linear space X . A mapping T from M to M is said to be demiclosed if for every sequence {x n } ⊆ M such that x n converges weakly to x ∈ M and {Tx n } converges strongly to y ∈ X imply y = Tx. T is said to be demiclosed at 0, if for every sequence {x n } in M converging weakly to x and {Tx n } converging strongly to 0, then Tx = 0. Let M be a nonempty subset of a metric space (X, d), a point x ∈ M is a common fixed (coincidence) point of f and T if x = fx = Tx(fx = Tx). The set of fixed points (respectively, coincidence points) of f and T is denoted by
whenever {x n } is a sequence such that lim Tx n = lim fx n = t for some t in M; weakly compatible if they commute at their coincidence points, i.e., if fTx = Tfx whenever fx = Tx.
The ordered pair (T , I) of two self maps of a metric space (X, d) is called a Banach operator pair [12] , if the set F (I) is T -invariant, i.e. T (F (I)) ⊆ F (I). Obviously, a commuting pair (T , I) is a Banach operator pair but not conversely. If (T , I) is a Banach operator pair then (I, T ) need not be Banach operator pair. If the self maps T and I of X satisfy d(ITx, Tx) ≤ kd(Ix, x), for all x ∈ X and k ≥ 0, then (T , I) is a Banach operator pair (see [10, 12, 13] ).
Define T and I on X as T (x, y) = (x
) is a Banach operator pair, which is not weakly compatible as T and I do not commute on the set C (I, T ) and hence it is not compatible.
The purpose of this work is to prove some common fixed point theorems for (µ, ψ)-generalized f -weakly contractive mappings by generalizing and extending some known results. As applications, some results on the set of best approximation for this class of mappings are also obtained. The proved results generalize and extend the corresponding results of [3, 8, 9, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] .
Main results

Theorem 2.1. Let M be a subset of a metric space (X, d) and f and T are self-mappings of M such that cl T (M) ⊆ f (M). If cl T (M) is complete, T is generalized (µ, ψ)-generalized f -weakly contractive mapping for all x, y ∈ M, then T and f have a unique coincidence point in
Since µ is a non-decreasing function, for all n = 1, 2 . . . ,
monotone decreasing sequence of non-negative real numbers and hence is convergent. Hence there exists r ≥ 0 such that
From inequality ( * ), we have
letting n → ∞, we have
i.e. lim d(Tx n−1 , Tx n+1 ) = 2r. Using the continuity of µ and ψ, and inequality ( * ), we have µ(r) ≤ µ(r) − ψ(0, 2r), and consequently, ψ(0, 2r) ≤ 0. Thus r = 0. Hence
Now, we show that {Tx n } is a Cauchy sequence. If otherwise, then there exists ϵ > 0 for which we can find subsequences
Letting
Letting k → ∞ in the above two inequalities and using (2.1) we get,
Taking k → ∞, and using the continuity of µ and ψ, we have µ(ϵ) ≤ µ
and consequently ψ(ϵ, ϵ) ≤ 0, which is contradiction since ϵ > 0. Thus {Tx n } is a Cauchy sequence. As fx n = Tx n−1 , {fx n } is also a Cauchy sequence. By the completeness of cl T (M) there is some z ∈ cl T (M) such that lim fx n+1 = lim Tx n = fz. Consider
This is a contradiction unless d(Tz, fz) = 0, i.e. Tz = fz and z is a coincidence point of T and f . Now suppose that T and f are weakly compatible. Tz) ). This implies that d(Tz, T w) = 0, by the property of ψ. Therefore, T (w) = f (w) = w.
If z 1 , z 2 are two common fixed points of T and f , then z 1 ) ). This implies that d(z 1 , z 2 ) = 0 i.e. z 1 = z 2 , by the property of ψ.
If f = identity mapping, then we have the following result.
Corollary 2.2. Let M be a subset of a metric space (X, d) and T is a self-mapping of M such that clT (M) ⊆ M. If cl T (M) is complete and T is (µ, ψ)-generalized weakly contractive mapping for all x, y ∈ M, then T has a unique fixed point.
If µ(t) = t, then we have the following result. 
Corollary 2.3. Let M be a subset of a metric space (X, d) and T is a self-mapping of M such that clT (M) ⊆ M. If cl T (M) is complete and T is generalized weakly contractive mapping for all x, y ∈ M, then T has a unique fixed point.
Corollary 2.4 (See [9]). Let T be a self-mapping of X , where (X, d) is a complete metric space. If T is generalized weakly contractive mapping for all x, y ∈ X , then T has a unique fixed point.
Proof. For all x, y ∈ F (f ), we have
Thus by Corollary 2.2, T has a unique fixed point z in F (f ) and consequently, F (T ) ∩ F (f ) is a singleton.
Corollary 2.6. Let M be a subset of a metric space (X, d) and f and T are self-mappings of M. If cl T (M) is complete, (T , f ) is a Banach operator pair, F (f ) is nonempty and closed and T is a (µ, ψ)-generalized f -weakly contractive mapping for all x, y
∈ M, then F (T ) ∩ F (f ) is a singleton.
Theorem 2.7. Let M be a nonempty subset of a normed linear space (respectively, Banach space) X and T , f are self mappings of M. Suppose that F
is weakly compact, and f − T is demiclosed at 0) and T satisfies 
for all x, y ∈ F (f ). Thus T n is a (µ, ψ)-generalized f -weakly contractive mapping. As cl T (M) is compact, cl T n (M) is compact for each n and hence complete. Now by Theorem 2.5, there exists x n ∈ M such that x n is common fixed point of f and T n for each n. The compactness of cl T (M) implies there exists a subsequence {Tx n i } of {Tx n } such that
and ‖fx n i − Tx n i ‖ = ‖x n i − Tx n i ‖ → 0 Further, we have
on taking limit, we get z = Tz and so
Next, the weak compactness of wcl T (M) implies that wcl T n (M) is weakly compact and hence complete. Hence byLemma 2.12. Let C be a nonempty subset of a metric space (X, 
So by Lemma 3.1 of [16] , T has a unique fixed point y in F (f ) ∩ F (g) and consequently
Remark 2.4. If f = g, then Theorem 3.2 of Al-Thagafi and Shahzad [16] is a particular case of Lemma 2.12.
The following result extends and improves the corresponding results of [12] [13] [14] 16, 17, 20, 21] .
then there is a common fixed point of P M (p), T , g and h.
Proof. Proceeding as in Theorem 2.10, we can prove (i) and (ii).
By (ii), the compactness of cl g(M p ) implies that cl g(P M (p)) and cl T (P M (p)) is compact. Hence Theorem 2.7 implies that
is compact for each n and hence complete. Now by Lemma 2.12, there exists x n ∈ M such that x n is common fixed point of g, h and T n for each n. The compactness of cl T (P M (p)) implies there exists a subsequence {Tx n i } of {Tx n } such that Tx n i → z ∈ cl T (P M (p)). Since {Tx n } is a sequence in T (F (g) ∩ F (h)), then z ∈ cl T (F (g) ∩ F (h)) ⊆ F (g) ∩ F (h). Now, as k n i → 1, we have (i) It may be noted that the assumption of linearity or affinity for I is necessary in almost all known results about common fixed points of maps T , I such that T is I-nonexpansive under the conditions of commuting, weakly commuting, Rsubweakly commuting or compatibility (see [12] [13] [14] [20] [21] [22] and the literature cited therein), but our results in this paper are independent of the linearity or affinity.
(ii) Let X = R with usual metric and K = [1, ∞). Define T and I on X as T (x) = 2 , x ∈ R}. Thus cl T (F (I)) ⊂ F (I), which is not a compatible pair (see [12] ), F (I) is convex, starshaped for any z ∈ F (I) and (−2, 0) is a common fixed point of I and T .
